emerged, where a very wide variety of properties of analytic composition operators has been addressed on a large number of spaces of analytic functions.
We refer to [47] and [11] for comprehensive accounts of the theory until ca.
1995.
This survey reviews more recent results about composition operators on various Banach spaces of vector-valued analytic functions including the vector-valued Hardy space H p (X), where X is a complex Banach space. Let f : D → X be a vector-valued analytic function and let 1 ≤ p < ∞.
Moreover, f ∈ H ∞ (X), if f H ∞ = sup z∈D f (z) X < ∞. In this notation H p = H p (C). Above the analyticity of f : D → X means that the scalarvalued function x * •f is analytic D → C for any functional x * ∈ X * (that is, f is weakly analytic). This is equivalent to the requirement that the X-valued derivative f (z) exists for all points z ∈ D (that is, f is strongly analytic).
For the basics of vector-valued analytic functions, see for example [20] .
Qualitative properties of the vector-valued composition operators f → f •ϕ on H p (X) and certain other spaces were rst systematically studied by Liu, Saksman and Tylli [35] . Independently Hornor and Jamison [21] considered the operators f → f • ϕ on H p (X) with dierent aims, and Sharma and Bhanu [49] looked at some of their basic operator properties on H 2 (X), where X is a Hilbert space.
We mostly concentrate on qualitative properties, such as weak compactness, of composition operators on several Banach spaces of vector-valued analytic functions of both strong and weak type dened on D. Weak type spaces were introduced into this context by Bonet, Domanski and Lindström [4] , and in this case the techniques dier from those of the strong type spaces.
In Section 2 we introduce a general framework for vector-valued composition operators in order to provide a convenient general perspective into the study, and we review results that illustrate both similarities and dierences compared to the scalar-valued case X = C. We also highlight new phenomena that do not have any counterparts for scalar composition operators. For instance, composition operators can be studied between a weak and a strong space. In the nal section we briey discuss attempts to generalize the larger class of weighted composition operators to the vector-valued setting. Some vector-valued arguments are sketched, but we mostly assume that the basic scalar theory is known from [47] and [11] .
Composition operators of dierent nature occur in various other settings.
For instance, there is a well-developed theory of the composition operators S → A • S • B, where A and B are xed bounded operators, on spaces of linear operators, see e.g. the survey [44] . Properties of such composition operators will actually be required in Section 5 below.
A general framework
We rst introduce a exible general framework for the study of qualitative properties of vector-valued composition operators, which will facilitate a discussion of some common features.
Suppose that A is a Banach space of analytic functions D → C and let A(X) be an associated vector-valued Banach space of analytic functions D → X, where X is a complex Banach space. Assume that the following properties hold for the pair (A, A(X)) for all Banach spaces X.
(AF1) The constant maps f (z) ≡ c belong to A for all c ∈ C.
(AF2) f → f ⊗ x denes a bounded linear operator J x : A → A(X) for any
x ∈ X, where (f ⊗ x)(z) = f (z)x for z ∈ D. (AF3) g → x * • g denes a bounded linear operator Q x * : A(X) → A for any x * ∈ X * . (AF4) The point evaluations δ z , where δ z (f ) = f (z) for f ∈ A(X), are bounded A(X) → X for all z ∈ D.
It follows from (AF1) and (AF2) that the vector-valued constant maps z → f x (z) ≡ x, that is f x = 1 ⊗ x, belong to A(X) for all x ∈ X. It is easy to check that (AF1) (AF4) are satised for the pair (H p , H p (X)) for any X. Note that for Banach spaces of analytic functions dened on other domains, such as a half-plane or the plane C, condition (AF1) may not be relevant and the above framework cannot be applied in this form.
Suppose that A and B are Banach spaces of analytic functions D → C so that (A, A(X)) and (B, B(X)) satisfy (AF1) (AF4), where A(X) and B(X) are X-valued Banach spaces of analytic functions on D associated with A, respectively B. Let ϕ : D → D be a given analytic self-map, and suppose that the vector-valued composition operator C ϕ is bounded A(X) → B(X), where f → C ϕ (f ) = f • ϕ. In order to distinguish between composition operators acting on dierent spaces we will in the sequel use C ϕ : A → B for the composition operator f → f • ϕ in the scalar-valued setting, that is, in the case X = C, and C ϕ for its vector-valued version A(X) → B(X).
The following general formulation is partly motivated by [4, Proposition 1]. Proposition 1. The following factorizations hold.
(F1) Let x ∈ X, x * ∈ X * be norm-1 vectors so that x * , x = 1. Then
The above factorizations place some inherent restrictions on possible qualitative properties of the vector-valued operators C ϕ . Roughly speaking, part (3) below states that C ϕ : A(X) → B(X) cannot have any qualitative properties inherited under composition of linear operators that are not shared by C ϕ : A → B and the identity operator I X : X → X. Thus Banach space properties of X also inuence (qualitative) properties of C ϕ .
Corollary 2. Let X be a complex Banach space.
(
(3) Let I be an operator ideal in the sense of Pietsch [43] . If C ϕ : A(X) → B(X) belongs to I, then I X as well as C ϕ : A → B belong to I.
In fact, by (F1) and (F2) the compactness of C ϕ : A(X) → B(X) implies that both C ϕ : A → B and I X are compact, that is, X is nite-dimensional.
Part (3) is veried in a similar fashion. For a converse of (2), see Proposition
7.
3. Weak compactness on H 1 (X) and other vector-valued spaces Let ϕ : D → D be any analytic map. It was observed independently in [35] and [21] that C ϕ is bounded on H p (X), while [49] contains the case H 2 (X), where X is a Hilbert space. The boundedness can be veried in the following manner by a small modication of an argument for scalar H p spaces. Note rst that z → f (z) X is a subharmonic map on D for any analytic function f :
Consequently, if ϕ(0) = 0, then Littlewood's inequality [11, Theorem 2.22] yields that
For the general case let σ a : D → D be the Möbius transformation dened by σ a (z) = a−z 
The minor point of dierence between the above scalar-and vector-valued arguments for the Hardy spaces relates to the potential absence of radial limits. In fact, it is well known that any f ∈ H p has a.e. radial limits f (ξ) = lim r→1 − f (rξ) on T, but this is not always true for functions in H p (X): the bounded analytic function f :
does not have radial limits anywhere on T. In fact, the existence of a.e. radial limits for any f ∈ H p (X), and any xed 1 ≤ p ≤ ∞, characterizes the analytic RadonNikodým property (ARNP) of the complex Banach space X. 
Above N (ϕ, w) = z∈ϕ −1 (w) log(1/|z|), where w ∈ D \ {ϕ(0)}, is the Nevanlinna counting function of ϕ. Several other equivalent criteria for the compactness of C ϕ : H p → H p are known in the literature, but (1) suces for our purposes. Littlewood's inequality implies that N (ϕ, w) ≤ C · log(1/|w|) as |w| → 1 for some constant C = C(ϕ) for any analytic map ϕ : D → D, see [47, 10.4 ]. Shapiro's condition (1) is interpreted as a little-oh condition describing the rate of decrease of the anity of ϕ for the values w as |w| → 1.
There is a precise connection between the weak compactness of C ϕ on H 1 (X) and the compactness of C ϕ on H 1 . Note that Corollary 2 (3) implies that X is reexive, that is, I X is weakly compact, whenever C ϕ is weakly compact on H p (X). Hence only p = 1 or p = ∞ are interesting for weak compactness, since H p (X) is itself reexive if 1 < p < ∞ and X is reexive, because H p (X) is then a closed subspace of the reexive space L p (T, X).
The vector-valued part of the following result comes from [35] .
Theorem 3. Let X be a complex reexive Banach space, and ϕ : D → D be an analytic map. Then the following conditions are equivalent.
Proof. The implication (1) ⇒ (2) follows from Corollary 2 (3). Sarason [45] proved that the weak compactness of C ϕ : H 1 → H 1 actually yields the compactness of C ϕ : H 1 → H 1 , in other words that (2) ⇒ (3). The equivalence of (3) and (4) is contained in Shapiro's theorem. There remains to show that C ϕ is weakly compact H 1 (X) → H 1 (X) whenever ϕ satises Shapiro's condition.
We outline the proof of the implication (4) ⇒ (1). The argument is based on a LittlewoodPaley type formula for C ϕ (f ) H 1 (X) derived from a formula of Stanton for continuous subharmonic maps. His formula [51, Theorem 2] implies that
] denotes the distributional Laplacian associated to the subharmonic map z → f (z) X on D.
Dene de la Vallée-Poussin operators V n for any n ∈ N by
for analytic functions f : D → X having the Fourier expansion f (z) = ∞ k=0f k z k . Then (V n ) is a uniformly bounded sequence of operators on H 1 (X) and V n : H 1 (X) → H 1 (X) are weakly compact for any n if X is a reexive Banach space (in fact, V n factors through a nite direct sum of copies of X). Moreover, given ε > 0 and 0 < r < 1 there is n 0 = n 0 (ε, r) ∈ N so
holds for all |z| ≤ r and f ∈ H 1 (X). If Shapiro's condition (1) holds and ε > 0 is arbitrary, then there is r ∈ (0, 1) such that N (ϕ, w) ≤ ε · log(1/|w|) for all |w| > r. Fix n 0 as in (3) corresponding to ε and r. By applying (2) 
The choice of r ∈ (0, 1) and (2) applied to ψ(z) = z give
for a uniform constant C. Moreover, it can be shown that I 2 ≤ 4ε f H 1 (X) by using the estimates N (ϕ, w) ≤ log(1/|w|) and (3). For this it is convenient to introduce a cut-o function ψ ∈ C ∞ 0 (D) satisfying 0 ≤ ψ ≤ 1, ψ = 1 on {z : |z| ≤ r} and ψ = 0 on {z ∈ D : |z| ≥ (1 + r)/2}. We refer to [35, Proposition 2 and Theorem 3] for the complete technical details.
where C does not depend on ε, so that C ϕ is well approximated by the weakly compact operators C ϕ V n 0 for suitable n 0 . This means that C ϕ is weakly compact H 1 (X) → H 1 (X).
Theorem 3 corresponds to the following template for many results about weak compactness, as well as other qualitative properties, of analytic composition operators on vector-valued spaces.
Proposition 4. Let A be a Banach space of analytic functions on D and A(X) a vector-valued version of A, such that (A, A(X)) satises (AF1) (AF4). Suppose that X is a complex reexive Banach space and ϕ : D → D is an analytic map, so that C ϕ is bounded A(X) → A(X). Assume moreover that the following conditions hold:
. Then one has the characterization
We stress that the above general scheme is only a guiding principle and in practice the techniques for establishing (C2) depend on A and its vectorvalued extension A(X). Moreover, the criteria for the compactness of the operator C ϕ : A → A usually depend on A. It is straightforward to modify the scheme of Proposition 4 to apply to vector-valued compositions C ϕ : A(X) → B(X) between dierent spaces, where (A, A(X)) and (B, B(X)) satisfy the properties (AF1)(AF4).
Condition (C1) is a problem of independent interest for composition op- Li, constructed the rst example of a Banach space A of complex-valued analytic functions on D, where (C1) fails for some symbol ϕ, see Example 10 below.
We next look at cases where Proposition 4 apply.
where dA is the area Lebesgue measure normalized by A(D) = 1 and 1 ≤ p < ∞. The classical Bergman space A p (X) is obtained for α = 0. The following result was established in [4], but the special case A 1 (X) was already contained in [35] .
Theorem 5. Let X be a complex reexive Banach space, ϕ : D → D an analytic map and α > −1. Then the following conditions are equivalent.
where W (A α 1 (X)) denotes the linear subspace consisting of the weakly compact operators A α 1 (X) → A α 1 (X) and C is an absolute constant.
We list some further Banach spaces A(X) for which the characterization (C) for weak compactness of composition operators are known to hold. We emphasize that the arguments establishing (C1) and (C2) usually are specic for A(X), and the relevant compactness conditions for C ϕ depend on A. One veries by inspection that these pairs (A, A(X)) satisfy (AF1)(AF4). • The vector-valued Bloch space B(X) [35] .
See [4] for an alternative approach via weak spaces (Section 5 below).
• The space CT (X) of vector-valued Cauchy transforms [28] . The argument proceeds via composition operators on the vector-valued harmonic Hardy space h 1 (X). The compactness criterion for CT is due to Bourdon, Cima and Matheson.
• Vector-valued BM OA(X)-spaces, see Section 4.
• Weak vector-valued versions of the above spaces, see Section 5.
A modied general scheme as in Proposition 4 also applies to other operator ideal properties, namely, just replace weak compactness by the relevant ideal property in (C1) and (C2). We state two results of this kind for H 1 (X), respectively A 1 α (X), from [35, Theorem 7] and [4, Corollary 9]. The operator U : X → Y is called weakly conditionally compact if (U x n ) has a weak Cauchy subsequence (U x n k ) for any bounded sequence (x n ) ⊂ X. Recall that by Rosenthal's 1 -theorem, see [33, 2.e.5], I X is weakly conditionally compact if and only if X that does not contain any subspaces linearly isomorphic to 1 . By Proposition 1 this is the relevant class of spaces here. Theorem 6. Suppose that the Banach space X does not contain any subspaces linearly isomorphic to 1 , and ϕ : D → D is an analytic map.
We mention for completeness that the cases dim(X) < ∞ are similar to the scalar case.
Proof. Let n = dim(X) and x a biorthogonal system {(
For the converse note that Section 2 applies to this setting.
Other results. Hornor and Jamison [21] characterized the isometrically equivalent compositions C ϕ and C ψ on H p (X), respectively S p (X), for p = 2 and X a Hilbert space. Here f ∈ S p (X) if the derivative f ∈ H p (X). 
Vector-valued BM OA-spaces
In this section we discuss in more detail the case of composition operators on vector-valued BM OA spaces, since there are several natural vector-valued versions of BM OA, and condition (C1) is a problem of independent interest.
Recall that the analytic function f : D → C belongs to BM OA, the space of analytic functions of bounded mean oscillation, if Subsequently it was observed in [26] that (S1) can be restated as
and let f BM OA(X) = f (0) X + |f | * ,X . There are also other natural possibilities. By departing from a well-known characterization of BM OA in terms of Carleson measures, see [18, Theorem VI.3.4] 
showed that BM OA(X) = BM OA C (X), with equivalent norms, if and only if X is linearly isomorphic to a Hilbert space. Thus BM OA(X) and BM OA C (X) are dierent vector-valued versions of BM OA. (In Section 5 we will meet yet another vector-valued version of BM OA.) Laitila [24] , [25] initiated the study of composition operators on vectorvalued BM OA-spaces. He observed that C ϕ is bounded BM OA(X) → BM OA(X) and BM OA C (X) → BM OA C (X) for any self-map ϕ : D → D. Moreover, if X is a reexive Banach space and ϕ satises conditions (S1) and (S2), then C ϕ is weakly compact both BM OA(X) → BM OA(X) and BM OA C (X) → BM OA C (X). In order to obtain a complete characterization following Proposition 4 one has to verify condition (C1) for BM OA. This was actually a problem stated by Tjani in her Ph.D. thesis [52] and Bourdon, Cima and Matheson [7] , which was eventually solved in [27] as follows.
Theorem 8. The following conditions are equivalent for ϕ : D → D.
(1) C ϕ : BM OA → BM OA is compact.
(2) C ϕ : BM OA → BM OA is weakly compact.
(3) (S1) holds (alternatively, (L) holds).
It is part of the solution that condition (S2) is redundant in Smith's characterization above. The combination of Theorem 8 with [24], [25] completes the following result for these vector-valued BM OA-spaces.
Theorem 9. Let X be a reexive Banach space, and ϕ : D → D an analytic function. Then the following conditions are equivalent.
(1) C ϕ is weakly compact BM OA(X) → BM OA(X).
(2) C ϕ is weakly compact BM OA C (X) → BM OA C (X).
(3) C ϕ : BM OA → BM OA is compact, that is, condition (S1) holds.
The argument for Theorem 8 is quite intricate. It applies measure density ideas for the radial limits of ϕ combined with a criterion due to Leibov (1986) , respectively Müller and Schechtman (1989) , which allows to extract copies of the unit vector basis in c 0 from bounded sequences in the subspace V M OA of BM OA. We refer to [27] for the full technical details and for the relevant references.
The results of Sections 3 and 4 might suggest that the weak compactness of C ϕ : A → A always implies its compactness A → A for any Banach space A of analytic functions on D. However, this is not the case [31, Theorem 4.1]:
Example 10. Let ϕ be the lens map
Then there is an Orlicz function ψ so that C ϕ is weakly compact H ψ → H ψ , but not compact, where H ψ is the non-reexive HardyOrlicz space of analytic functions of D dened by ψ.
Question 11. Characterize the weakly compact compositions on the space H ψ (X) above. The operator C ϕ in Example 10 factors through H 4 by construction, and C ϕ through the reexive space H 4 (X) for reexive spaces X. Thus C ϕ is weakly compact H ψ (X) → H ψ (X), so that (C) cannot hold for H ψ (X).
The referee kindly pointed out that the rst example of a weakly compact analytic composition operator which is not compact was obtained in the context of uniform algebras dened on innite-dimensional domains. Let U E be the open unit ball of the Tsirelson space E and ϕ : U E → U E the map x → x/2. It was shown in [1, Example 3] that the composition operator
is the uniform algebra of bounded scalar-valued analytic functions U E → C. Recall that the vector-valued function f :
Weak vector-valued spaces
By the closed graph theorem f wE(X) is nite if and only if x * • f ∈ E for all x * ∈ X * . We will say that wE(X) is the weak space of vectorvalued analytic functions D → X modelled on E. The spaces appearing in Sections 3 and 4, whose norms involve pointwise norm quantities such as f (z) X , will in the sequel be called strong spaces. Such a distinction between strong and weak spaces is not precise, since e.g. wH ∞ (X) = H ∞ (X). If E is a Banach space of harmonic functions on D which satises (W1) and (W2), then one may similarly dene the weak space wE(X) of vector-valued harmonic functions D → X, see [28] . Weak type spaces rst appeared in the theory of vector measures, see e.g. [13, Chapter 13]. The weak Hardy spaces wH p (X), and in particular their harmonic versions wh p (X), have been studied by Blasco [2], as well as in [15, 16] .
Weak spaces wE(X) have a dual nature, since they also admit a canonical isometrically isomorphic representation as certain spaces of bounded operators. This general fact was observed in [4] . Note rst that if E satises (W1) and (W2), then
The identication of f ∈ E with u * → u * (f ) gives the isometric isomorphism E → V * . In addition, V = [δ z ∈ E * : z ∈ D] by the HahnBanach theorem, where [B] denotes the closed linear span of the subset B ⊂ E * . We next formulate the general linearization result from [4] , which also implies that wE(X) is a Banach space. An analogue holds for weak harmonic spaces, see [28] .
Theorem 12. Suppose that E satises (W1) and (W2), let V = [δ z ∈ E * : z ∈ D] and X be a complex Banach space. Then there is an isometric isomorphism χ : L(V, X) → wE(X), so that (χ(T ))(z) = T (δ z ), (χ −1 (f ))(δ z ) = f (z), hold for T ∈ L(V, X), f ∈ wE(X) and z ∈ D.
Special cases and variants of this linearization result were known earlier.
The closest precursor is the general results of Mujica [40] that apply to the case E = H ∞ . An explicit operator representation was obtained by Blasco [2] for the weak harmonic spaces wh p (X), where 1 ≤ p ≤ ∞. 
For the converse it is worthwhile to point out that the framework from Section 2 applies to the weak spaces.
Lemma 13. If E satises (W1) and (W2), then the pair (E, wE(X)) satises (AF1) (AF4) for any Banach space X.
Proof. Conditions (AF1) (AF3) are obvious. Towards (AF4) note that
where we momentarily use δ z for the vector-valued evaluations f → f (z) taking wE(X) to X.
We stress that the following basic weak compactness result from [4] for vector-valued compositions holds on all weak spaces wE(X). The proof uses dierent tools compared to the analytic arguments in Sections 3 and 4.
Recall again from Corollary 2 that C ϕ is never compact wE(X) → wE(X) whenever X is innite-dimensional. Theorem 14. Suppose that E is a Banach space of analytic functions on D that satisfy (W1) and (W2). Let ϕ : D → D be an analytic map and X a reexive Banach space. If C ϕ : E → E is compact, then C ϕ is weakly compact wE(X) → wE(X).
Proof. Assume that
and χ is the isometric isomorphism L(V, X) → wE(X) from Theorem 12. Since (C ϕ ) * | V is a compact operator V → V by duality, and I X is weakly compact, it follows from a general result of Saksman and Tylli, see [44, Proposition 2.3] , that the operator composition U ϕ is weakly compact L(V, X) → L(V, X). Consequently C ϕ is weakly compact wE(X) → wE(X).
Theorem 14 veries condition (C2) from Proposition 4 for the weak spaces wE(X). The following observation includes many examples.
Proposition 15. Suppose that E is a Banach space of analytic functions on D that satisfy (W1) and (W2), let ϕ : D → D be an analytic map so that C ϕ is bounded E → E and X a reexive Banach space. Suppose moreover:
Then one has the characterization
The preceding examples cover results for wH ∞ v (X) and wB(X) from [4], wH 1 (X) [28] , and wBM OA(X) (combine Theorem 8 with [24, 25] ).
The results of Sections 3 5 raise the question of what is the precise connection between these strong and weak spaces of vector-valued analytic functions. Clearly wH 2 ( 2 ) ≈ L( 2 ) by Theorem 12, whereas H 2 ( 2 ) is a separable Hilbert space, so the dierence can be huge. On the other hand, [4] observed that wH ∞ v (X) = H ∞ v (X) (equal norms) and wB(X) ≈ B(X) (equivalent norms). It is evident that e.g. H p (X) ⊂ wH p (X), and 
are non-equivalent on H p (X). Strict inclusions BM OA(X) wBM OA(X) and BM OA C (X) wBM OA(X) for any innite-dimensional X were obtained in [24, 25] . A common feature of these examples for arbitrary X is the use of Dvoretzky's n 2 -theorem to transfer from the Hilbert space setting to X.
The linearization from Theorem 14 can also be used for other purposes.
The following result from [4] concerns weak conditional compactness on the spaces wE(X).
Theorem 16. Suppose that E is a Banach space of analytic functions on D that satisfy (W1) and (W2). Let ϕ : D → D be an analytic map and X a Banach space that does not contain any subspaces linearly isomorphic to 1 . If C ϕ : E → E is compact, then C ϕ is weakly conditionally compact wE(X) → wE(X).
The proof is analogous to that of Theorem 14, but instead apply [34] to deduce the weak conditional compactness of the operator composition U ϕ .
Since wH 2 ( 2 ) ≈ L( 2 ) is non-reexive one may also look for a characterization of weakly compact C ϕ : wH 2 ( 2 ) → wH 2 ( 2 ). Note that the following observation is not included in Proposition 15 since H 2 is reexive.
Proposition 17. C ϕ is weakly compact wH 2 ( 2 ) → wH 2 ( 2 ) if and only if ϕ satises Shapiro's condition (1).
Proof. In view of Theorem 14 there remains to show that the weak compactness of C ϕ : wH 2 ( 2 ) → wH 2 ( 2 ) implies condition (1). As in the proof of Theorem 14 let U ϕ be the operator composition map
. It is known, see e.g. [44, Example 2.6], that for such operator compositions this yields the compactness of (C ϕ ) * | V on V . Hence C ϕ is compact H 2 → H 2 , so that (1) holds.
The corresponding picture for the general class wE(X) is quite complicated for reexive E, and remains open, since the spaces wE(X) can also be reexive. For instance, the weak Hardy spaces wH 2 ( p ) ≈ L(H 2 , p ) = K(H 2 , p ) are reexive for 1 < p < 2 by Pitt's theorem [33, Proposition 2.c.3] and [23, Section 2, Corollary 2]. Here K(X, Y ) denotes the space of compact operators X → Y .
Compositions from weak to strong spaces
A dierent line of study concerns the mapping properties of composition operators from weak to strong spaces of analytic functions on D, such as wH p (X) → H p (X). This line was initiated by Laitila, Tylli and Wang in [30] for the Hardy and Bergman spaces, and subsequently the approach has been extended to weighted Bergman and Dirichlet spaces by Wang [55, 56, 57] .
The question which motivated [30] came from S. Kaijser for X = 2 . Recall from Section 5 that e.g. wH 2 ( 2 ) ≈ L( 2 ) while H 2 ( 2 ) is a separable Hilbert space, so that boundedness of a composition operator wH 2 ( 2 ) → H 2 ( 2 ) entails strong compression.
Somewhat surprisingly, the boundedness of C ϕ : wH p (X) → H p (X) for 2 ≤ p < ∞ is related to composition operators in the HilbertSchmidt class on H 2 . Recall from [48, 11] that C ϕ is a HilbertSchmidt operator on H 2 precisely when
The following result is taken from [30] , which also contains a formally similar result for the vector-valued Bergman spaces. Note that results of this type have no counterparts in the scalar-valued theory.
Theorem 18. Let X be any innite-dimensional complex Banach space.
(1) If C ϕ HS < ∞, then C ϕ is bounded wH p (X) → H p (X) for any p satisfying 1 ≤ p < ∞.
(2) The norm C ϕ :
Parts (2) Question 19. (a) Does part (2) of Theorem 18 extend to 1 ≤ p < 2? The corresponding coecient multiplier theorems H 2 → H p for 1 ≤ p < 2 are not readily useful.
(b) Characterize the weakly compact compositions C ϕ from wH 1 (X) to H 1 (X) if X is reexive. It is possible to show that if lim s→1 sup 0<r<1 |ϕ(rζ)|>s 1 1 − |ϕ(ζ)| 2 dm(ζ) = 0, then C ϕ is weakly compact from wH 1 (X) to H 1 (X) (details omitted). Note that C ϕ is never compact wH 1 (X) → H 1 (X) for innite-dimensional X by Section 2.
One may also consider the composition operators f → f • ϕ from strong to weak spaces, e.g. as acting H p (X) → wH p (X), but this case does not produce new qualitative phenomena. This follows from the factorization
where C ϕ denotes the composition operator acting H p (X) → wH p (X) and J : H p (X) → wH p (X) is the continuous inclusion. Hence, any C ϕ is bounded H p (X) → wH p (X), and for p = 1 and reexive spaces X one obtains that C ϕ : H 1 (X) → wH 1 (X) is weakly compact if and only if ϕ satises (1), that is, C ϕ : H 1 → H 1 is compact. (For the only if part note that Section 2 applies here.)
Operator-weighted composition operators
In the nal section we briey discuss extensions of weighted composition 
for analytic functions f : [36, 37, 38, 57] .
We next state the main results from [29] , which are vector-valued extensions of scalar results from [9] and [39] . For a bounded continuous weight
If ψ : D → L(X, Y ) is a given analytic operator-valued map, then it denes the auxiliary linear map T ψ by x → ψ(·)x. It follows that T ψ is bounded
Theorem 20.
(1) Let v and w be weight functions. Then
(2) Assume that v and w are radial weight functions. Then W ψ,ϕ is compact (respectively, weakly compact)
and T ψ is compact (respectively, weakly compact) X → H ∞ w (Y ).
Parts of Theorem 20 were independently obtained in [37] together with other results. Clearly the case X = Y and ψ(z) ≡ I X yields the boundedness and weak compactness results from [35, 4] for C ϕ , since T ψ is then (essentially) I X .
Theorem 20 points to some striking dierences between scalar-and vectorvalued weighted compositions as well as between operator-weighted and standard composition operators. For instance, the auxiliary operators T ψ play no role for scalar weighted compositions. Moreover, W ψ,ϕ can easily be compact
X) do not always factor through I X as in Proposition 1, but (F2) is replaced by the following factorization for any z ∈ D: 
Here H 0 w (L(X, Y ))) denotes the closure of the analytic L(X, Y )-valued polynomials in H ∞ w (L(X, Y ))), and W (X, Y ) the weakly compact operators X → Y . There are further dierences between H ∞ v (X) and the locally convex setting as studied in [6] .
The following problem stated in [29] appears quite challenging.
Question 21. Characterize boundedness and (weak) compactness of operator-weighted compositions W ψ,ϕ : 
